Abstract. We show that the automorphism group of Philip Hall's universal locally finite group has ample generics, that is, it admits comeager diagonal conjugacy classes in all dimensions. Consequently, it has the small index property, is not the union of a countable chain of non-open subgroups, and has the automatic continuity property. Also, we discuss some algebraic and topological properties of the automorphism group of Hall universal group. For example, we show that every generic automorphism of Hall universal group is conjugate to all of its powers, and hence has roots of all orders.
Introduction
A Polish group is a separable and completely metrizable topological group. The automorphism group of a countable structure equipped with the product topology is a Polish group. We say that a Polish group G has ample generics if for every n the diagonal conjugacy action of G on G n by g · (h 1 , h 2 · · · , h n ) = (gh 1 g −1 , gh 2 g −1 , · · · , gh n g −1 ), where g, h 1 , h 2 , · · · , h n ∈ G, has a comeager orbit. In [3] , Hodges et al. first used the concept of ample generic as a tool to study the small index property for automorphism groups of some countable structures. Based on the work of Hodges et al. [3] and Truss [13] , Kechris and Rosendal [6] characterized when automorphism groups of Fraïssé structures have ample generics. In [6] , they also showed that if a Polish group G has ample generics, then G has the following consequences:
(1) The group G has the small index property, that is, every subgroup of index less than 2 ℵ 0 is open. ( 2) The group G is not the union of a countable chain of non-open subgroups.
(3) Every algebraic homomorphism from G into a separable group is automatically continuous, which implies that G has a unique Polish group topology.
Now there is a growing extensive list of Polish groups that have ample generics. Just mention a few:
(1) The automorphism group of ω-stable ω-categorical structures (Hodges et al. [3] ); (2) The automorphism group of the random graph (Hrushovski [4] ; see also Hodges et al. [3] ); (3) The isometry group of the rational Urysohn space (Solecki [12] ); (4) The group of Lipschitz homeomorphisms of the Baire space (Kechris and Rosendal [6] ); (5) The group of Haar measure-preserving homeomorphisms of the Cantor set (Kechris and Rosendal [6] ); (6) The group of homeomorphisms of the Cantor set (Kwiatkowska [7] ).
In this paper, we will add another group into this list, which is the automorphism group of Philip Hall's universal locally finite group. Note that Hall universal group is a countable homogeneous structure that is not ω-categorical. We follow Kechris and Rosendal's work [6] . Let K be a class of finite L-structures in a fixed countable signature L. We say that K has the hereditary property (HP) if B ∈ K and A embeddable in B then A is isomorphic to some structure in K. We say that K has the joint embedding property (JEP) if A, B ∈ K, then there is C ∈ K such that both A and B are embeddable in C. We say that K has the amalgamation property (AP) if f : A → B and g : A → C, with A, B, C ∈ K, are embeddings, then there are D ∈ K and embeddings r : B → D and s : C → D with r • f = s • g. If K satisfies the HP, JEP, AP, contains only countably many structures up to isomorphism, and contains structures of arbitrarily large finite cardinality, we call K a Fraïssé class. For every Fraïssé class K, the classic Fraïssé's theorem tells us that there is the unique (up to isomorphism) countably infinite L-structure K such that (i) K is locally finite, (ii) K is ultrahomogeneous, that is, every isomorphism between finite substructures of K extends to an automorphism of K, (ii) Age(K) = K, where Age(K) is the class of all finite L-structures that can be embedded into K. We call such K the Fraïssé limit of K. A countably infinite structure K is a Fraïssé structure if it is locally finite and ultrahomogeneous. For more background on Fraïssé classes and Fraïssé limits, see Hodges [2, Chapter 7] .
For every Fraïssé class K, Truss [13] introduced the class K p of all systems S = A, ψ : B → C , where A, B, C ∈ K, B, C ⊆ A, and ψ is an isomorphism between B and C. In the notation, p is short for partial isomorphisms. The notion of embedding in K p is defined as follows: an embedding of S into T = D, ϕ : E → F is an embedding f : A → D such that f (B) ⊆ E, f (C) ⊆ F, and f • ψ ⊆ ϕ • f . With this notion of embedding, we may say that K p satisfies the JEP or AP. Similarly, let K n p denote the class of all systems S = A, ψ 1 : has the JEP and the weak amalgamation property (WAP) for every n, which generalizes Truss's result. Truss [13] showed that if for every n the class K n p has the JEP and the cofinal amalgamation property (CAP), that is, it has a cofinal subclass which satisfies the AP, then Aut(K) has ample generics. We say that a Fraïssé class has the Hrushovski property if every system S = A, ψ 1 : has the CAP. Usually, the JEP for K n p is straightforward. It follows that K has ample generic automorphisms. Hrushovski [4] originally showed that the class of finite graphs has the Hrushovski property, and thus the automorphism group of the random graph has ample generics. Solecki [12] , independently Vershik, showed that the class of finite metric spaces with rational distances has the Hrushovski property, and thus the isometry group of the rational Urysohn space has ample generics. In those two cases, it is not hard to verify that L n has the AP. Philip Hall [1] constructed a countably infinite locally finite group H which is determined up to isomorphism by the following two properties: (i) every finite group can be embedded in H; (ii) any two isomorphic finite subgroups of H are conjugate in H. The group H is known as Philip Hall's universal locally finite group. Throughout this paper, let F G be the class of finite groups. The class F G is a Fraïssé class and its Fraïssé limit is H. Hall's construction is totally different from Fraïssé's construction, while Hall's construction replies on [1, Lemma 1], which implies the Hrushovski property for the class F G. Thus, in order to show that H has ample generic automorphisms, we need only to show that the subclass L n , which is the class of finite groups with n automorphisms, has the AP; see Theorem 2.2.
After this paper was put in the ArXiv.org, A. Ivanov informed the author that some of the results in this paper is similar to his paper [5] . We follow Kechris and Rosendal's setup, while his setup is different. The main result in [5] is that Aut(H) is strongly bounded, that is, every isometric action of Aut(H) on a metric space has bounded orbits.
Rosendal [11] considered powers and roots of the generic measure preserving homeomorphism of the Cantor space and the generic isometry of the rational Urysohn metric space. He proved that every generic measure preserving homeomorphism of the Cantor space and every generic isometry of the rational Urysohn metric space are conjugate to all their powers. For generic automorphism of Hall universal locally finite group, we also prove that it is conjugate to all of its powers, and hence has roots of all orders.
This paper is organized as follows: In Section 2, we show that the class of finite groups with n automorphisms has the amalgamation property for every n. In Section 3, we prove that Aut(H) has ample generics, and we discuss some algebraic and topological properties of the automorphism group of Hall universal group. In Section 4, we prove that every generic automorphism of H is conjugate to all of its powers, and thus has roots of all orders.
The amalgamation property
Let F G be the class of finite groups. For every n, let L n denote the class of all systems G, ϕ 1 : G → G, · · · , ϕ n : G → G , where G is a finite group, and ϕ 1 , · · · , ϕ n are automorphisms of G. Let
We define the notion of embedding in L n as follows: an embedding of A into B is an embedding f :
Let us abuse notation and denote this embedding also by f . In this section, we prove that the class L n has the amalgamation property, that is, if f : A → B and g : A → C, with A, B, C ∈ L n , are embeddings, there are D ∈ L n and embeddings r : B → D and
In the case n = 0, there is a classic result:
). The class of finite groups has the amalgamation property.
Proof. The proof is in Section 3 of [9] .
In the case n > 0, we have:
where G is a finite group, and ϕ 1 , · · · , ϕ n are automorphisms of G. Then the class L n has the amalgamation property. Claim: There exist surjective homomorphisms ϕ : Y → X and ψ : Z → X such that ϕ(β i ) = α i and ψ(γ i ) = α i for i = 1, · · · , n. Moreover, for all y ∈ Y and z ∈ Z, we have that
Proof of the claim: To make things easier, we assume that A is a subset of B and f is simply the inclusion map. It follows from f • α i = β i • f that β i ↾ A = α i for i = 1, · · · , n. Thus, β i fixes A setwise for i = 1, · · · , n. Since Y = β 1 , · · · , β n , we have that y fixes A setwise for all y ∈ Y . We define ϕ(y) = y ↾ A for all y ∈ Y . Clearly, ϕ(y) ∈ Aut(A), and ϕ(β i ) = β i ↾ A = α i for i = 1, · · · , n. Since X = α 1 , · · · , α n , we have that ϕ is a surjective homomorphism from Y to X. Moreover, f • ϕ(y) = y • f for all y ∈ Y , because f is the inclusion map and ϕ(y) = y ↾ A . The case for ψ is similar. This completes the proof of the claim.
Let W = Y × X Z be the fiber product of Y and Z over X, which is the following subgroup of
Clearly, W is finite and the projection homomorphisms are surjectively onto Y and Z. Then we define a semidirect product A ⋊ W = { a, (y, z) |a ∈ A, (y, z) ∈ W }. The multiplication is defined as
where a 1 , a 2 ∈ A, and (y 1 , z 1 ), (y 2 , z 2 ) ∈ W . Note that ϕ(y 1 ) = ψ(z 1 ) since (y 1 , z 1 ) ∈ W . Let L denote A ⋊ W . Similarly, we define M = B ⋊ W and N = C ⋊W . For all b 1 , b 2 ∈ B, c 1 , c 2 ∈ C, and (y 1 , z 1 ), (y 2 , z 2 ) ∈ W , we define
and
Clearly, L, M, N are finite groups. Next, we definef : L → M by sending a, (y, z) to f (a), (y, z) for all a ∈ A and (y, z) ∈ W . It is easy to verify thatf is well-defined andf (id
Thus,f is a homomorphism from L to M. Similarly, we define a homomorphismg : L → N by sending a, (y, z) to g(a), (y, z) for all a ∈ A and (y, z) ∈ W . Because f and g are embeddings, it follows thatf andg are also embeddings. By Theorem 2.1, the class of finite groups has the AP. Thus there exist a finite group K and embeddingss :
By the fact that s •f =t •g and definitions off andg, it follows that for i = 1, · · · , n,
For all b ∈ B and i = 1, · · · , n, we have that
Similarly, for all c ∈ C and i = 1, · · · , n, we have thatδ it (c, id Then it is easy to verify that s and t are embeddings between groups. For all b ∈ B and i = 1, · · · , n, we have that
. By Equation (1), we have that
n has the AP.
Some properties of Aut(H)
In this section, we show that H has ample generic automorphisms. Also, we discuss some algebraic and topological properties of the automorphism group of Hall universal group.
Clearly, the class F G contains countably many isomorphism types, and contains finite groups of arbitrary size. Also, it is easy to verify that F G has the HP and JEP. By Theorem 2.1, F G has the AP. Thus, F G is a Fraïssé class. The Fraïssé limit of F G is Philip Hall's universal locally finite group H. For H, we have the following properties: (4) Since every finite group can be embedded in H, we have that H has elements of arbitrary finite orders. Hence, S 1 (Th(H)) is infinite. By the Ryll-Nardzewski Theorem, Th(H) is not ω-categorical. Philip Hall's construction of H is different from Fraïssé's construction. Hall's construction relies on some technical lemmas. One of them, say [1, Lemma 1], implies the following Hrushovski property for the class of finite groups.
Theorem 3.2 (Hrushovski property)
. Let K be a subgroup of a finite group G, and ι : k → k ι be an isomorphism from the group K onto some subgroup K ι of G. Then we can embed G as a subgroup of some finite group H, and find some h ∈ H such that conjugation by h sends
Theorem 3.3. The automorphism group of Philip Hall's universal locally finite group has ample generics.
Proof. By Theorem 3.2, the Fraïssé class F G satisfies the Hrushovski property. Let L n denote the class of all systems G, ϕ 1 : (1) Kechris and Rosendal [6] showed that for a locally finite Fraïssé structure K if Aut(K) has a dense locally finite subgroup, then Age(K) has the Hrushovski property. Thus, 
Powers and roots of generic automorphisms
Rosendal [11] has proved that the generic measure preserving homeomorphism of the Cantor space and the generic isometry of the rational Urysohn metric space are conjugate to all of their powers. In this section, we will show that every generic automorphism of Hall universal locally finite group is conjugate to all of its powers, and hence it has roots of all orders. 
Proof. Consider semidirect products A ′ = A ⋊ α and B ′ = B ⋊ β . We may assume that A ≤ A ′ and B ≤ B ′ and let f ∈ A ′ and g ∈ B
′
satisfy that x f = α(x) for all x ∈ A and y g = β(y) for all y ∈ B.
By the assumption of α and β, we have that x f g = x gf for all x ∈ A. Thus, ϕ is well-defined and is homomorphic. Define G = A ⋊ ϕ H, the semidirect product of A and H with respect to ϕ. Canonically, there are embeddings ψ 1 : A⋊ f → G and ψ 2 : A⋊ g → G. We may assume that G = A, f, g . Since ι : A⋊ g ֒→ B ′ = B⋊ g , by Theorem 2.1 (Amalgamation Property) there is a finite group C and embeddings ρ : G → C and σ : B ′ → C such that ρ • ψ 2 = σ • ι. We may assume that C ≥ G and C ≥ B ′ . Then f, g ∈ C and C, f, g are desired.
Proposition 4.2. Let A ≤ B be two finite groups, α an automorphism of A, and β an automorphism of B leaving A invariant such that α n = β ↾ A for some n ≥ 1. Then there is a finite group C ≥ B and an automorphism γ of C extending α such that γ n ↾ B = β.
We begin with A 0 = ∅ and trivial automorphisms f 0 = g 0 . Suppose A i , f i , g i are as defined. By Theorem 3.2, there is a finite subgroup B ≤ H containing a i and A i such that there is an automorphism h of B extending g i . Since V i is dense open, we have V i ∩U(h, B) = ∅. Thus, there is a basic open set U(k, C) ⊆ V i ∩ U(h, B), where C is a finite subgroup of H and k is a partial isomorphism of H leaving C invariant. As U(k, C) ⊆ U(h, B), we may assume that B ≤ C and k extends h. Again, as V i is dense open, there is a basic open set U(p, D) ⊆ V i ∩ U(k n , C), where D ≤ H is a finite subgroup containing C, and p is a partial isomorphism of H leaving D invariant and extending k n ↾ C . By Proposition 4.2, there is a finite subgroup E ≤ H containing D and an automorphism q of E extending k ↾ C such that q n extending p ↾ D . We set A i+1 = E, f i+1 = q n , and g i+1 = q. Clearly,
, and
Then, we have U(f i+1 , A i+1 ) ⊆ U(p, D) ⊆ V i and U(g i+1 , A i+1 ) ⊆ U(k, C) ⊆ V i . Now, set f = i f i and g = i g i . By the properties (1) and (2), f and g are both automorphisms of H. By (3), g n = f , and by (4), f, g ∈ i V i = C. Thus, f and g are in the same conjugacy class, and hence are mutually conjugate. 
